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Abst ract - -Th is  paper is the latest version of the numerical-analytical algorithm for solving the 
forward seismic problem. The main concept of the algorithm is in splitting of 2D and 3D seismic 
problems to a series of 1D problems with the help of finite integral Fourier, Fourier-Bessel, orLegendre 
transforms and with the use of a 1D finite difference technique (see [1-3]). In this paper, instead 
of the finite difference method with respect o one spatial coordinate and time, we propose to use 
the finite difference approximation with respect o only the spatial coordinate with a subsequent 
analytical solution of the obtained system of ordinary differential equations. 
Keywords - -Wave propagation, Numerical-analytical method, Perturbation theory. 
1. STATEMENT OF THE PROBLEM 
Let us i l lustrate the main stages of the method on the wave equation in the Cartes ian coordinate 
system 
02U 02U 1 02U +5(x - xo)5(z- zo)f(t). (1) 
Oz ----T + OT - v~(z) Ot 2 
For the sake of simplicity, we will consider Vp(Z) is a piecewise-continuous function only of 
the coordinate z, a l though without essential changes, the a lgor i thm to be discussed below is 
appl icable for the case when the velocity is an arb i t rary  function of two coordinates.  Here, x0, z0 
are the coordinates of the source s imulated by the r ight-hand side of equat ion (1.1), f(t) is a 
t ime signal in the source. 
The problem is solved with zero initial data  
OU 
U t=0 = -~-  t=0 = 0 (2) 
and the boundary  condit ions on the free surface in the form 
OV O. (3) 
C~Z z=0 
Assume that  the function U(z, x, t) possesses ufficient smoothness for using the subsequent 
transformations.  
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2. NUMERICAL-ANALYT ICAL  METHOD FOR 
SOLVING PROBLEMS 
For solving problem (1)-(3), let us make use of the finite integral cosine-Fourier t ansform 
R(z ,n , t )  = ] U(z ,x , t )cos (n rx~ \ - - -~ j  dx, 
o 
(4) 
with the inversion formula 
oo  
U(z,x, t )  = 1R(z,O,t)  + 2 Z R(z 'n ' t )c°s (n l rx~ - j  . (51 
n=l  
OU OU The equation obtained after the transformation contains the terms ~ x=0, -gF x=~. 
Let us introduce new additional boundary conditions 
OU x=o OU = U z=b 
Ox = -~x  x=~ = 0 
(6) 
and consider the wave field up to the time t < T, where T is the minimal time of propagation 
of the leading wave front from the reflecting surfaces x = a, z = b. We are able to do it due to 
hyberbolicity of the problem. The new boundary problem for R(z, n, t) is of the form 
k R= 10 R (n x0  (z_z0)S(t) ' vg(z) + cos 
~Z z= ° = R = O, 
z~b 
R t=o OR t=o = 0-T =0, 
(7) 
(s) 
(9) 
where 
k 2 = (n-~) 2, n = 0 ,1 ,2 , . . . .  
For solving the system of problems (7)-(9), let us make use of the finite difference approximation 
with respect o only the spatial coordinate z with a subsequent analytical solution of the obtained 
system of ordinary differential equations with respect o time (see [4]). 
Let us introduce in the variable z the uniform difference grid 
w = {zi = ( i -1 )h ;  i= l , . . . ,N+l ,b=Nh}.  
If Vp(Z) is continuous at the node zi 6 w, we assume vi = vp(zi), otherwise, vi = (vi+l +v i - t ) /2 .  
The coordinate z0, which determines the location of a source, is calculated by the formula 
z0 -- ( l -  1)h. 
Determination of the functions Ri(n, t) on the lines z = zi reduces to solving the Cauchy problem 
for the system of N linear differential second-order quations. Write down the system in the vector 
form 
d2-~ 
+ AnZ = f ( t )F ,  (10) dt 2 
t=o =~'~ t-0- = O. (11) 
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Note that the original system has been reduced to the form of (10),(11) by means of the 
preliminary replacement of the variables 
Z(n , t )=DR(n , t ) ,  D=diag  Vl' v2 ' " "  ' 
providing the symmetry of the matrix An. In equation (10), the vector F is determined by the 
components 
F~=O, i= l , . . . ,N ,  i¢ l ,  
(n~rxo~ V~ 
Fl = -cos  i = l, l ¢ 1, \ a ,' Y v l '  
( nTrxo ~ vl 
Ft=-cos \  a /~-' i= l ,  l= l .  
Let us distinguish the dependence on the parameter n in the square matrix An by representing 
it as a sum of two constants for these medium matrices 
An = A + k2B, (12) 
where B is a diagonal matrix 
B = diag {Vl 2 'v2 , . . . , v  2} 
and A is a three-diagonal symmetric positive matrix 
2v21 -v%lv2  . . . . . .  
- v%lv2  2 .~ -v~v3 . . .  
1 . . . . 
A = -;5 .. .. .. 
I b  
0 . . . .  VN_ lV  N 2V2_1 
0 . . . . . . .  UN_ IUN 
Using the orthonormal decomposition [5] 
An = Q diag {A1,..., AN} Q-1 
0 / 
0 
• ° 
--Z) N -  lVN 
2v~ 
(13) 
and replacing the variables 
Y(n, t) = Q-1-Z(n, t), 
problems (10),(11) fall into N independent Cauchy problems for each component Yi of the vector 
Y(n,t): 
d2yi 
dt-- Y + AiYi = ~i, ~i = FzQl,if(t), (14) 
Yi t=o dYi t=o = dt = O. (15) 
The solution of (14),(15) is written down in the form (see [5]) 
t 
xI,l 
0 
Depending on the type of the signal f(t), the values Y~(t) can be obtained either analytically 
or numerically by calculating the integral in (16). Let, for example, 
( (27fro(t - to) ) 2) 
f(t) = exp 7ff sin (2n f0 (t - to)), 
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where to, f0, 7 are certain constants. Then for all 2t0 < t < T, formula (16) takes the form 
FIQ~#7 to)) 4 ioCOS - 
- exp 
After we have found Y(n, t), it is sufficient o return to the original variable 
-R(n, t) = D-1QY(n, t) 
and then to find the solution U(x, zi,t) of the original problem by formula (5). 
Let us turn our attention to the following. In our opinion, the basic stage of the problem solu- 
tion by the above-discussed method is the development of an efficient algorithm for constructing 
expansion decomposition (13) for the succession of the matrices An, n = 1, 2 . . .  of the form 
of (12). For determination f the matrices Q, which transforms An to the diagonal form, we have 
proposed the following algorithm. 
3. DETERMINAT ION OF E IGENVALUES AND 
E IGENVECTORS OF THE MATRICES An = A + k2 B 
3.1. S ta tement  of  the  P rob lem of Calcu lat ing the Matr ices  Q for all kn 
Let 
For determining the matrix Q which transforms the matrix W to the diagonal form, let us present 
the problem of calculation of eigenvalues and eigenvectors of the matrix W as 
(W-  AE)~= A + B-  -~-~E ~=0.  (17) 
The succession 1/kn 2 ----* 0 at n , c¢ is monotonous. Therefore, the difference (1/k2n - 1/k~) is 
insufficient for rather large n, jz. This allows us to make use of the results of the perturbation 
theory [6] for solving problem (17). Knowing the solution of the problem for a certain term 1/k~ 
for the close to it numbers 1/k 2, eigenvectors and eigenvalues can be found in the following way. 
Transform equation (17) 
(18) 
Rewrite (18) in the form 
(#A + B' - A'E) y = 0 (19) 
and present eigenvalues and eigenvectors of problem (19) as series in powers perturbations #: 
oo oo  
81,/ _~ 
s=O 8=0 
Vko = A~ (0), Yk (0) = Tk,o. 
k=O+ N, (20) 
(21) 
A~(0), ~k(0) are eigenvalues and eigenvectors of the matrix B'. 
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It is known [7] that the series in (20) are convergent if the value of perturbation II#AII is less 
than half the distance d from the eigenvalue A~(0) to the set of eigenvalues of the operator B', 
i.e., 
(1  ~) ]  d (22) 
k2 = # _< 2HAl j • 
The perturbation theory [6] yields the recurrent formulas for determination of ~k~, Tk,~ 
~ks = Yk(O)T ATk,s-1, Tk,1 = -SkATk,o,  (23) 
S--1 I Tk,s=Sk(n~=l~knTk,s-n-ATk,s-1, (24)
N 
- - r  
= , = y (0)y  (o). (25)  
s=l,s~k 
The QL algorithm requires for computation of all eigenvalues and eigenvectors approximately 
[8] 15.3N 2 multiplications, 3.4N 2 divisions, 1 .7 (N-1)  square roots, and 15.3N 2 additions. Com- 
putational volume according to formulas (20),(21) of the perturbation theory, if restricted by 
K first terms, is much less, but requires determining the coefficients ~k~, Tk,~, s = 1 + K first. 
3.2. A lgor i thm for Ca lcu lat ion  of  Mat r ix  Q for all kn 
The algorithm consists of three steps. 
1. At the first step, for kc = kM, problem (17) of determination of eigenvalues and eigenvec- 
tors for symmetrical, three-diagonal, real W is solved. The QL-algorithm is applied for 
this. 
2. At the second step, eigenvalues and eigenvectors, found for matrices ((1/k2c)A + B), are 
used for calculation of coefficients of series ~ks, Tk,s according to formulas (23)-(25). 
3. At the third step, for all kn, n = c -  1 ,c -  2 , . . . ,  such that # = (1/k 2 - 1/k2~) satisfy 
condition (22), eigenvalues and eigenvectors are calculated by formulas of the perturbation 
theory (20),(21). If for some n = c - L condition of convergence (22) is not satisfied, the 
value L is checked. If L = 1, then the first step of the algorithm is executed with k~ = k~_ L. 
If L > 1, then the second step of the algorithm is executed with kc = kc-L+l. 
The algorithm has to be executed, until matrices Q for all k,~ are found. 
4. CONCLUSION 
To conclude, let us dwell on the advantages of the given algorithm. This algorithm allows the 
calculation of a wave field at any moment of time without recurrent recalculation procedure from 
one time level to another as it takes place when wc use the finite difference approximation with 
respect o time. In addition, this approach makes it possible to obtain solutions for many sources 
without essential computer costs, because we need to transform the matrix AN to diagonal form 
only one time for all the sources. 
At the present ime, this algorithm without essential changes has been developed for elastic, 
vertically-inhomogeneous media, as well as for the media where elastic parameters are arbitrary 
functions of two coordinates. In this case, the matrix An has a more complicated form. 
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